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“Moduli spaces” workshop in July 2011. The author thanks Richard Hain for useful conversations.

Let Γg be the mapping class group of genus g. The Torelli group Ig is the kernel of the homology
representation Γg → Sp2g(Z). While the Torelli group has only finitely many nonzero rational
cohomology groups, these groups are not in general finite-dimensional. A beautiful proof of this fact
(for large g) was supplied by Akita, who made the following observation: if the rational cohomology
groups of Ig were all finite-dimensional, we would have

∞∑
i=0

(−1)i dimQ Hi(Ig,Q) = χ(Ig) = χ(Mg)/χ(Åg) = ((2− 2g)ζ(−1)ζ(−3) . . . ζ(3− 2g))−1 (0.1)

The quantity on the left is always an integer; the quantity on the right never is, once g ≥ 7.
The known infinite-dimensional representations of Sp2g(Z) appearing in the cohomology of Torelli

groups are of a rather simple form: they are induced from finite-dimensional representations of
(infinite-index) arithmetic lattices contained in Sp2g(Z). One might thus hope to assign to infinite-
dimensional representations of this kind a rational-valued ”dimension,” in such a way that the
identity (0.1) remains the case. We now explain how to do this, and in particular how one can say
with a straight face that ”the first Betti number of the genus-2 Torelli group is −5.”

More generally: let φ : Γ → G be a surjective homomorphism of groups, with kernel K. Then
we have a fibration BK → BΓ → BG, and the cohomology of BΓ can be computed by the Serre
spectral sequence:

Hi(BG,Hj(BK,Q))⇒ Hi+j(BΓ,Q) (0.2)

Suppose that BΓ and BG are homotopic to finite complexes (and in particular are torsion-free.)
Suppose furthermore that Hi(BG,Hj(BK,Q)) = Hi(G,Hj(K,Q)) is finite-dimensional for all i, j.
Then

χ(BΓ) =
∑

i

(−1)k dimQ H
k(BΓ,Q)

=
∑
i,j

(−1)i+j dimHi(BG,Hj(BK,Q))

=
∑

j

(−1)j
∑

i

(−1)i dimHi(G,Hj(K,Q))

We denote the inner summand by χG(Hj(K,Q)). When dimQ H
j(K,Q) is finite, then

χG(Hj(K,Q)) = χ(BG) dimQ H
j(K,Q)
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Under the weaker assumption that Hi(G,Hj(K,Q)) for all i, we can still think of the quantity

χG(Hj(K,Q))/χ(BG)

as a kind of ”virtual dimension” of Hj(K,Q); the above computation guarantees that the alternating
sum of these virtual dimensions assigns K an ”Euler characteristic” which is χ(Γ)/χ(G), as expected.
(For simplicity, we will assume χ(BG) 6= 0; when BG has Euler characteristic 0, we can treat χ(BG)
as a formal variable and the computation is still correct.)

One situation that seems to arise often in practice is that where

Hj(K,Q) = IndG
H V

for some subgroup H of G and a finite-dimensional representation V of H. If BH is homotopic to
a finite complex (or more generally a finite-dimensional orbifold) then Shapiro’s Lemma guarantees
that

χG(Hj(K,Q)) = χ(BH) dimV.

So in this case the virtual dimension of Hj(K,Q) is given by (χ(BH)/χ(BG)) dimV .

Examples

We discuss two examples where enough is known about cohomology to do a computation.

The Torelli group of genus 2

Let I2 be the Torelli group of genus 2. Letting G be a torsion-free finite-index congruence subgroup
of Sp4(Z), and Γ the preimage of G in the genus-2 mapping class group, we are in the situation
above. The structure of I2 was worked out in full by Mess; it is a free group, whose generators he
describes explicitly. In particular, Mess finds that

H1(T2,Q) = IndSp4(Z)
H Q

where H is the semidirect product of SL( Z) × SL2(Z) by an involution switching the coordinates.
The Euler characteristic of SL2(Z) is ζ(−1) = −1/12, so χ(H) = 1/288. The Euler characteristic
of Sp4(Z) is ζ(−1)ζ(−3) = (−1/12)(1/120). Thus the ”dimension” of H1(I2,Q) is

(−12 · 120/288) = −5.

Because I2 is free, its virtual Euler characteristic is then 1− (−5) = 6, and, indeed, one checks that
6χ(Å2) = 1/240 = χ(M2).

We note, of course, that this ”Euler characteristic” is not an intrinsic property of the Torelli
group, which is just a free group on countably many generators, but rather of the Torelli group
endowed with its natural Sp4(Z) action.

Torelli and hyperelliptic Torelli in genus 3

The extended Torelli group Î3 is the preimage of ±−1 ∈ Sp6(Z) in the genus 3 mapping class group.
The rational cohomology of Î3 was computed in full by Hain (”The rational cohomology ring...,”
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Corollary 18) – it is 1-dimensional in degree 0 and empty in degrees 1 and 2. In degrees 3 and 4 we
have

H3(Î3,Q) = IndSp6
SL2×SL4

Q

and
H4(Î3,Q) = IndSp6

(SL2)3oS3
V

where V is the irreducible 2-dimensional representation of S3. The virtual dimensions of the two
cohomology groups are 21 and −70 respectively, so the virtual Euler characteristic is 1−21+(−70) =
−90.

We note, though, that Î3 has torsion, so we should not expect this ”alternating sum of dimen-
sions” to behave well in fibrations; in particular, we should not expect the Torelli group I3 itself,
which is an index-2 subgroup of Î3, to satisfy χ(I3) = −180. Indeed, BI3 is a branched double cover
of BÎ3, branched over the hyperelliptic locus; so we have

χ(I3) = −180− χ(H3)

where H3 is the hyperelliptic Torelli group of genus 3. We do not know the rational cohomology
of H3. But we can compute its Euler characteristic by fibration, since we know that the Euler
characteristic of the hyperelliptic mapping class group is −1/672, and that of Sp6 Z is 1/362880; we
find that χ(H3) should be -540. This gives

χ(I3) = 360

and one checks that this is indeed the ratio between χ(M3) and χ(Sp2g(Z)). It would be interesting
to compare this computation with the recent results on the cohomology groups of hyperelliptic
Torelli by Brendle, Childers, and Margalit.

Applications?

There has been some speculation, based on the very little information currently available, that
perhaps every cohomology group of Torelli is a direct sum of Sp2g(Z)-representations induced from
finite-dimensional representations of lattices in algebraic subgroups. The computations here do not
seem capable of falsifying this speculation on ”denominator” grounds as in Akita’s work. For in-
stance, when g = 7, the quotient χ(Mg)/χ(Sp2g(Z)) lies in (1/691)Z but not in Z, which shows
that the Torelli group has some infinite-dimensional cohomology; but if H is any arithmetic sub-
lattice of Sp14(Z) which is not actually finite-index, the induced representation IndSp14

H Q will also
have virtual dimension with a denominator of 691. In other words, the Akita argument offers no
objection to the proposal that all the infinite-dimensional cohomology of Torelli is induced from
finite-dimensional representations of smaller arithmetic groups.

On the other hand, in a situation where an infinite-dimensional induced reprsentation is already
known to be contained in the cohomology (as in the work of Bestvina, Bux, and Margalit) the
formula here could in principle be used to prove (again following Akita) that the known cohomology
is not the only infinite-dimensional piece. If there are cases of small cohomological dimension where
all but one cohomology group is known, it is also conceivable that the virtual Euler characteristic
could be used to make an educated guess about the nature of the missing infinite-dimensional piece.
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